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Abstract 

X 

\ The level-truncation analysis of open string field theory for a class of periodic marginal de- 
formations indicates that a branch of solutions in Siegel gauge exists only for a finite range 
of values of the marginal field. The periodicity in the deformation parameter is thus obscure. 
We use the relation between gauge-invariant observables and the closed string tadpole on a 
disk conjectured by Ellwood to construct a map between the deformation parameter of the 
boundary conformal field theory and the parameter labeling classical solutions of open string 
field theory. We evaluate the gauge-invariant observables for the numerical solutions in Siegel 
gauge up to level 12 and find that our results qualitatively agree with the analysis by Sen using 
the energy-momentum tensor and are consistent with the picture that the finite range of the 
branch covers one fundamental domain of the periodic moduli space. 



1 Introduction 



String field theory can potentially be a background-independent formulation of string theory. 
The current construction of string field theory, however, requires a choice of a consistent back- 
ground, and different backgrounds are expected to be described by classical solutions of the 
theory based on the original background we chose. 

Thus the first step to address the problem of background independence in string field theory 
is the construction of classical solutions. There has been remarkable progress in constructing 
analytic solutions in open string field theory |1| since the first construction of an analytic so- 
lution for tachyon condensation by one of the authors [2]. In particular, analytic solutions 
for marginal deformations of boundary conformal field theory have been constructed and in- 
tensively studied [3]-[2I]. A systematic procedure to construct analytic solutions for marginal 
deformations to all orders in the deformation parameter has been presented in [121 US]- On 
the other hand, there has been a puzzle associated with marginal deformations in the level- 
truncation analysis in Siegel gauge carried out in [22], where the deformation parameter was 
treated nonperturbatively. This is the problem we discuss in this paper. Let us first explain 
the setup and describe the puzzle. 

When open bosonic string theory on a D25-brane is compactified on a circle of the self-dual 
radius v^, there are three marginal operators in the boundary conformal field theory (CFT) 
describing the compactified direction. The three operators are given by 

V,it) = V2:cos^:, V^sW = : sin ^ : , V,it) = ^ dtX (t) , (1.1) 
y/a' y a' y2a' 

where X{t) is the coordinate of the compactified direction. The marginal deformation by the 
operator V3 corresponds to turning on a constant mode of the gauge field on the D-brane and is 
exactly marginal. Since the direction of the coordinate X is compactified, the one- dimensional 
moduli space of this deformation is periodic. These three operators are related by the enhanced 
SU{2) symmetry at the self-dual radius, and so the marginal deformations by the other two 
operators Vi and V2 are also exactly marginal and the moduli space for each deformation is 
periodic. It is known that the deformation by the operator Vi changes the original Neumann 
boundary condition to a Dirichlet boundary condition at a special point of the moduli space. In 
other words, the original D25-brane is deformed to a D24-brane by this marginal deformation. 

We thus expect that the equations of motion of open string field theory formulated around 
a D25-brane compactified on the self-dual radius have a one-parameter family of solutions 
associated with each of the three marginal deformations, and the moduli space is periodic 
for each case. In [22] Sen and Zwiebach constructed solutions using level truncation in Siegel 
gauge. They computed the effective potential of the massless mode associated with the marginal 
deformation by solving the equations of motion for other fields. They found that the effective 
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potential is approximately flat and becomes flatter as the level of the approximation is increased, 
which is in accord with the expectation that we have a one-parameter family of solutions. 
However, they also found that the branch of the effective potential is truncated at a flnite 
distance from the origin. The effective potential does not exist beyond that point, and this 
result seems stable as the truncation level is increased. It has been a long-standing problem to 
understand the nature of this phenomenon. First of all, the periodicity in the moduli space is 
obscure. In particular, it is important to know whether or not the point of the moduli space 
corresponding to a Dirichlet boundary condition in the case of the deformation by Vi is within 
the branch. 

In order to investigate this problem it is helpful to construct a map between the deformation 
parameter Abcft of boundary CFT and the parameter Asft labeling solutions of open string 
held theory. However, this has in general been a difficult problem. In [22] Sen and Zwiebach 
attempted to obtain information on the map in the case of the deformation associated with Vi 
by slightly increasing the radius R of the compactiflcation. The marginal deformation becomes 
a relevant deformation and the effective potential develops a local minimum corresponding to 
tachyon condensation. They used the location of the local minimum to identify the point of 
the moduli space corresponding to a Dirichlet boundary condition. However, the extrapolation 
to the self-dual radius R — )■ y/c/ is not smooth, and they were not able to obtain a deflnite 
conclusion. 

Later Sen developed a different method to construct a map between Abcft and Asft in [23] . 
It is based on the energy-momentum tensor in spacetime. Its dependence on Abcft can be 
calculated from the boundary state. Its dependence on Asft was calculated from the dependence 
of the effective potential on the compactiflcation radius R. The two results were combined and 
a map between Abcft and Asft was constructed based on numerical results by level truncation 
up to level 4. In order to use this method, however, it is necessary to calculate the dependence 
of the effective potential on the compactiflcation radius R. Furthermore, this method cannot 
be used for arbitrary marginal deformations. For instance, it cannot be used directly for the 
marginal deformation by V3 because the relevant component of the energy-momentum tensor 
does not depend on the deformation parameter, although we can use the SU (2) symmetry to 
convert the result for Vi into that for V3. 

In this paper we present a new approach to the construction of a map between the defor- 
mation parameter Abcft of boundary CFT and the parameter Asft labeling solutions of open 
string fleld theory for marginal deformations. It is based on a relation between gauge-invariant 
observables discovered in [2H [25] and the closed string tadpole on a disk conjectured by Ell- 
wood [26]. If the closed string tadpole depends on the marginal deformation of boundary CFT, 
we can construct a map between Abcft and Asft by calculating the gauge-invariant observ- 
able for the solutions of open string fleld theory. This method can in principle be used for 
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any marginal deformation if there is a closed string tadpole which depends on the deformation 
parameter. Furthermore, the calculation on the string field theory side is much simpler than 
that of the method in [23] . The gauge-invariant observables depend linearly on the open string 
field and can be calculated by contracting the open string field and the identity state with an 
additional insertion of an on-shell closed string vertex operator. 

The paper is organized as follows. In section |2] we briefiy review the construction of the 
solutions for marginal deformations by Sen and Zwiebach in level truncation. In section [3] 
we apply the conjecture by EUwood to the solutions for marginal deformations and explain 
how one can relate the parameter of the solutions in open string field theory with that of the 
corresponding boundary CFT. In section H] we illustrate our computation using level truncation 
up to level 4. In section |5] we summarize our main numerical results for solutions with various 
values of Asft obtained up to level 12. Our results are consistent with the picture that the 
finite range of the branch covers just one fundamental domain of the periodic moduli space. 
Further supporting tables and plots are presented in appendix |Al 



2 Marginal deformations in Siegel gauge 

In this section we briefiy review the result by Sen and Zwiebach in [22] for marginal deformations 
in open string field theory using level truncation. We consider open string field theory for a 
D25-brane in a 2 6- dimensional fiat spacetime with one of the spatial directions compactified on 
a circle of the self-dual radius and the marginal deformation generated by Vi(t). 

The important features can already be seen at level 1. The string field truncated to level 1 
is given by 

1^(1)) =toCi|0) + ti : cos^^ : Ci|0) , (2.1) 



and the potential for the modes to and ti is 

Vito, ti) = -ltl + ^ tl + tl . (2.2) 

Let us derive the effective potential for ti by solving the equation of motion for to- Since the 
equation of motion for to is a quadratic equation, there are two solutions: 



C = rT^ -a/64-— t? + 8 , to^ = — 7^h/64-^t? + 8l . (2.3) 





The superscript M denotes the marginal branch. The solution t^^ vanishes as ti — t- so 
that this branch is associated with the marginal deformation. The superscript V denotes the 
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vacuum branch. The solution is associated with the branch connected to the tachyon vacuum 
solution. We can see from these expressions that we do not have real solutions when 

729 ^ , , 

QA-—tl<0. (2.4) 

The critical values ±ii for ti are thus given by 

h = ^^0A19. (2.5) 

The two branches meet at these critical values. Since the effective potential is even with respect 
to ti, from now on we focus our attention only to the region ti > 0. 

Corresponding to the two solutions t^'^ and t^, there are two branches for the effective 
potential. By substituting t^^ and to V(to,ti), we obtain 



V'\tr) = ^— ( -512 + 4374 + {64 - —tlr^] = —tt + ^ + 0{tl) 

^ ^ 59049 V 1 ^ 2 ^ W 128 ^ 32768 ^ ^ 

V'^ih) = ^— ( -512 + 4374 tl-{64-—tl)-2] = + - 1? + 0{tt) . 

^ ' 59049 V ^ ^ 2 ^ W 59049 27 ^ ^ ^' 

The two branches V^'^{ti) and {ti) of the effective potential are shown in figure [H 



(2.6) 



2n^ V 
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Figure 1: The two branches of the effective potential for ti at level 1. The solid line is for 
27rV^(ii) and the dashed line is for 27rV^(ti). 

We expect an exactly flat potential for the marginal branch because the deformation by 
Vi{t) is known to be exactly marginal. The potential V^'\ti) at level 1 is not exactly fiat, 
but this is considered to be an artifact of level truncation. The higher-order analysis in level 
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truncation shows that the effective potential for ti on the marginal branch becomes flatter as the 
truncation level is increased, as expected. See figure [2]FI It has also been shown analytically that 
the coefficient in front of tf in vanishes in the limit where the truncation level becomes 

infinite [27]. In this deformation, we can therefore use ti as the label Asft of approximate 
numerical solutions in level truncation. 

On the other hand, the existence of the critical value of ti does not seem to be an artifact of 
level truncation. The results at higher orders in figure |2] show that the critical value persists and 
the position of the critical value does not move significantly as the truncation level is increased. 
The analysis using level truncation thus indicates that the effective potential V"^^(ti) on the 
marginal branch in Siegel gauge becomes exactly flat and terminates at a finite critical value 
in the limit where the truncation level becomes infinite. 




Figure 2: The energy density of the marginal and vacuum branches computed from the full 
action (the left graph) and from the kinetic term (the right graph). We have chosen ti as the 
parameter A of the branches. The energy density is measured from the tachyon vacuum and 
normalized by the D25-brane tension. In this and other figures, the colors follow the spectrum: 
higher level results are depicted using shorter wavelength colors. For explicit color coding, see 
figure [m 



3 Gauge-invariant observables and the closed string tad- 
pole 

In Ellwood conjectured a relation between gauge-invariant observables of open string field 
theory discovered in |2H [25] and the closed string tadpole on a disk. The gauge-invariant 
observable W{(j),V) for an open string state and an on-shell closed string vertex operator V 
is defined by the following correlation function on the upper half-plane: 

l^(0,V) = (V(O/,o0(O))uHp. (3.1) 

^The difference between the energy density Etot computed from the fuh action and the energy density Ekin 
computed from the kinetic term is proportional to ti, times the equation of motion for ti. 
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Here (f)(0) is the operator corresponding to the state (j) and we denoted // o (j)[0) the conformal 
transformation of 0(0) under the map //(O associated with the identity state: 



//(0 = Y^- (3.2) 



The closed string tadpole on a unit disk defined in is 



p-iO 

A^'^^V) = ( V(0) cie'') )disk . (3.3) 

This should be independent of 6. The unit disk with a complex coordinate w can be mapped 
to the upper half-plane of z by the following conformal transformation: 

. = ^i^. (3.4) 

1 + W 

The correlation function on a unit disk in fl3.3p can be mapped under this conformal transfor- 
mation to 

A''^^^(^y) = _l.A^(^y(^{^c{t)),jnP with t = tan^. (3.5) 

It is easy to confirm that ^'^"''^(V) is independent of t when the ghost part of V is cc. Ellwood 
conjectured the following relation: 

Wi<i/, V) = Af\V) - Af'\V) , (3.6) 

where A^^^^ is the closed string tadpole with the original boundary condition and A'^^^ is the 
closed string tadpole with the boundary condition corresponding to the classical solution \E'. If 
the boundary CFT has marginal deformations labeled by Abcft, we expect that the equation 
of motion of open string field theory has a one-parameter family of solutions labeled by Asft. 
The left-hand side of fl3.6p is a function of Asft- The closed string tadpole appearing on the 
right-hand side of (13. 6 p is a function of Abcft. We can thus obtain a map between Abcft and 
Asft from the conjectured relation (13. 6p . 

We consider the marginal deformation by the cosine potential Vi{t). We have to choose 
a closed string vertex operator V such that the one-point function ^'^"^'^(V) has a nontrivial 
dependence on Abcft- We choose 

V = -—ccdXBX . (3.7) 
a' 

The normalization of V is the same as that of [28]. The dependence of ^'^"^'^(V) on Abcft can 
be easily determined using the boundary state. We have 

^^'^■^(V) oc cos ( 27rABCFT ) - (3-8) 
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It is a periodic function of Abcft, and the Dirichlet boundary condition corresponds to the 
point Abcft = 1/2- The overall normalization of ^'^''^'^(V) can be determined by evaluating the 
one-point function of V on a disk with the Neumann boundary condition, which corresponds 
to Abcft = 0. Our normalization of correlation functions on the upper half-plane is 

( C{zi) C{Z2) C{Z^) )uHP = {Zl - Z2){Zi - Z^){z2 - ^3) • (3-9) 

Here and in what follows we divide correlation functions by the spacetime volume factor. The 
one-point function of V on the upper half-plane with the Neumann boundary condition is given 

by 

- - {--M CcdXdX{^ C{t) )uHP = . (3.10) 

This fixes the overall normalization of A^^^^iV) to give 

^disk^y) = COs(27rABCFT). (3.11) 

ZTT 

Using the relation (13. 6 p we have 

W{^,V) = [cos(27rABCFT) - ll • (3.12) 
It is convenient to introduce 

Wxx = 1- '2-kW{^,V) (3.13) 

for V given by (13. 7p . Then we have 

T^xx = cos (27r Abcft). (3.14) 

Since the left-hand side is a function of Asft parameterizing the solutions, we can derive a 
map between Asft and Abcft from this relation. In particular, the value of the gauge-invariant 
observable for the solution corresponding to the Dirichlet boundary condition Abcft = 1/2 is 
given by Wxx = -1- 



4 Evaluation of the gauge- invariant observables 

In this section we illustrate our computation of the gauge-invariant observables for the solutions 
corresponding to the cosine deformations reviewed in section [2l The solutions in Siegel gauge 
were constructed by Sen and Zwiebach in [22] up to level 4. We expand the string field in level 
£ as follows: 

oo 

|^) = ^|^W). (4.1) 

t=0 
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The expressions up to level 4 in the notation used in section 3 of [22] are given by 

) = toCi|0), 

X(0) 



^(4 



) = ti : cos ■ 



:ci|0) 



) = {uo C_i 6_i + Vo + Wo L'_2 ) Ci |0) , 

) = [uiC-ih-i + viL^2 + '^iL'_2 + ziL\L'^^)\(pt) with 



cos ■ 



X(0) 



: ci|0) 



) = ~g\PA)+t2\x) + 



X tX 



X 



+ cc_3 6_i + db-3C-i + eb-2 c_2 + {f L^2 + /-^-2 ) C-i &-i ci|0) 



(4.2) 

where are the Virasoro generators associated with the field X{t) describing the compactified 
direction and L'^ are the Virasoro generators associated with the rest of the matter fields. The 
primary field at level 4 is given by 



and \x) is 



\p,) = ( - ^ - - (a^,)^ ) ^ |0) 



\X)= :cos^:|0). 



(4.3) 



(4.4) 



The gauge-invariant observable W{(j), V) can be expressed as a BPZ inner product of (p with 
an open string state. For V given by ( 13.71) . the gauge-invariant observable is 



W{(j),V) = {^xxA), 
where the open string state ^xx has been constructed in [28] and is given by 



\^xx)= (^-4 E z"^-"mna5^a5je^CoCi|0) 

\ n,m=l / 



with 



E 



^ oo 

4e 



(-1)' 



n 



.„ + 5^(-l)"c_„6_„ 



(4.5) 



(4.6) 



(4.7) 



n=l 71=1 

We denote the gauge-invariant observable iy(\E',V) truncated to level £ by W^^\'^ ^V). The 
quantity W'^^\^ ,V) is given by 

4 

iy(^)(vl/,V) = 5^($xx,^^')) 

1 1 31 25 31 25 _ 963, 675- 775 ^ (4.8) 

= 4'° + 4"°-y"° + y^° + T"-T'+i^^+i^^-i^^ 

1 31 , 25 - 

+ 7e-ir/ + ir/ + i92^. 



Note that there are no contributions from and ^^^^ because of momentum conservation. 

In the numerical solution constructed by Sen and Zwiebach in [22], the component fields 
to, h, Uq, ... are given as functions of ti. We therefore obtain W^^\'^,V) for the solution as 
a function of ti, which we are using as the label Asft- This is how we compute the gauge- 
invariant observable as a function of Asft in level truncation. We then compare the result with 
the expression fl3.12p of the gauge-invariant observable as a function of Abcft to find a relation 
between Asft and Abcft numerically. 

5 Numerical evaluation to level 12 

The method illustrated in the preceding section at level 4 can be extended to higher levels. 
We had generated all required vertices using the conservation laws of [22], and then solved the 
equations of motion by the iterative Newton's methodic With the help of a computer cluster 
we were able to perform all our computations to level (12, 36). 

To avoid possible confusion between the marginal and vacuum branches, but also out of 
curiosity, we studied numerically both branches for various values of A, up to the critical level- 
dependent Xcrit, where both branches meet. The value of Xcrit at level 1 is given by the simple 
analytic formula (12. 5p . At higher levels we employed the interval bisection method and stud- 
ied whether the Newton's method converges for given A. The results are given in table [TJ 
Interestingly, the critical value grows at low levels and is largest at level 5, and after one oscil- 



L 


Xcrit 


L 


Xcrit 


1 


0.419026 


7 


0.469239 


2 


0.454866 


8 


0.468645 


3 


0.467900 


9 


0.468623 


4 


0.468614 


10 


0.468160 


5 


0.469761 


11 


0.468109 


6 


0.469100 


12 


0.467748 



Table 1: Results for Xcrit at levels L = 1, . . . , 12. The values are rounded down to six digits, so 
that the solution still exists for these values. It can be found within about 5 iterations if we use 
as the starting point for the Newton's method the highest A solution found in the previous steps 
at the same level. Increasing the last digit by one, the Newton's method would not anymore 
converge within 50 iterations at lower levels and at least 10 iterations at level 12. 



^Newton's method requires a choice of an initial approximate solution, which is then iteratively improved to 
any desired accuracy. We define it as — ' ^^'^ iteration when we reach 10~*. As the starting 

point we either used results for the solution with the same A found at lower level or, sometimes more efficiently, 
used a different solution with a neighboring value of A but at the same level. 
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lation it monotonically decreases. Simple linear extrapolation in 1/L to the infinite level gives 
the critical value of about 0.466. 

We have constructed the marginal and vacuum branches for about 15 different values of 
A. Figure [2] we presented in section [2] shows the energy density of the marginal and vacuum 
branches meeting at Xcrit- The quantity Wxx defined in (13.131) on the marginal branch for 
various levels is plotted in the left graph of figure |3l Its dependence on the level is rather 
erratic, so we tried to apply Pade-Borel resummation of contributions of different levels for each 
solution. The right graph of figure [3] shows the resulting improved values of Wxx, together 
with a simple extrapolation to the infinite level. 




Figure 3: The values of Wxx at levels L = 2, ... ,12 (left) and their Pade-Borel improvements 
at levels L = 4, ... ,12, together with a fit to the infinite level in black (right). 

One may notice that starting at level 3 the results at odd levels are close to the values 
found at the previous even level. The reason is most likely that at even levels new fields with 
zero momentum appear, and they seem to have larger influence than the fields with nonzero 
momentum. The similarity of odd and even levels is even greater for Wxx because it receives 
contributions only from fields at even levels, meaning that any change at odd levels can arise 
only from the change of the solution and not from adding any new fields. 

The table [2] summarizes linear extrapolations in 1/L of various quantities of interest to in- 
finite level together with the estimated statistical error. We estimate the error by considering 
extrapolations using different number of data points and computing the sample standard devi- 
ation for such results. For Wxx we use the Pade-Borel resummed version. We also computed 
Woo defined by 

Woo = 1 + 27r W(^, V) (5.1) 

with 

V = -—ccdX^dX^ . (5.2) 
a' 

Up to approximately A = 0.325 the extrapolated values of the energy density Etot computed from 
the full action, the energy density Ekm computed from the kinetic term, and Wqo are consistent 
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A 


771 

i^tot 








T T 7" 

Woo 


CVKOO 


T T 7" 

Wxx 







05 


1. 


6.3 X 10~^ 


1 




2.1 X 10"'' 


1. 


0.00007 


0.9493 


0.0018 





1 


1. 


0.00001 


1 




3.4 X 10"^ 


1. 


0.00028 


0.8051 


0.0025 





15 


-1 

1. 


0.000051 


1 




r\ r\r\r\r\ 1 

0.000018 


1.0001 


0.00066 


0.5686 


0.0046 





2 


1. 


0.00016 


1 




0.000057 


1. 


0.0012 


0.2572 


0.014 





25 


r\ f\r\r\f\ 

0.9999 


r\ r\r\r\ A 

0.0004 


1 




0.00014 


0.9996 


0.002 


—0.1338 


0.012 





3 


0.9999 


0.00083 





9997 


0.00026 


0.9978 


0.0029 


—0.5499 


0.0022 





325 


1. 


0.0011 





999 


0.00033 


0.9954 


0.0034 


f\ ^ A A r\ 

—0.7449 


0.01 


U 


DO 


1.0004 


0.0015 


U 


novo 


r\ r\r\r\ A 'X 

0.00041 


0.9905 


0.0039 


—0.9096 


0.013 





375 


1 nm P. 

i.UUiu 


n nm q 
u.uuiy 





992 


u.uuuoz 


n Q7Q8 

u.y ( yo 


U.UU40 


— i.UZOi 


U.UZ ( 





4 


1.0049 


0.0023 





9781 


0.00035 


0.9565 


0.0046 


-1.076 


0.044 





425 


1.013 


0.0028 





9433 


0.0013 


0.9075 


0.005 


-1.0649 


0.059 





45 


1.0321 


0.0035 





8668 


0.0046 


0.8116 


0.0064 


-1.0562 


0.076 





46 


1.0451 


0.0037 





8112 


0.0067 


0.7453 


0.0077 


-1.0778 


0.085 





4675 


1.0585 


0.0039 





7124 


0.019 


0.6326 


0.02 


-1.1149 


0.092 



Table 2: Infinite level extrapolation and its possible statistical error for the four basic quantities 
computed at several values of A on the marginal branch. Up to about A = 0.325 the first three 
observables are within the 3cr tolerance away from the expected value of 1. 

with the expected value 1. Apparently, for higher values of A our method underestimates the 
error of the extrapolated values. 

The results for Wxx with the error estimation are presented in figure HI The one-parameter 
fit of the form cos (27r(A + aA'^)) is also shown, where the constant a has been fitted so that the 
infinite-level extrapolation coincides with the boundary CFT result at lower values of A. The 
best fit value for a is about 0.99 at level 4 and grows at higher levels. For the infinite level 
extrapolation we find a ~ 1.48. It would be interesting to confirm this value analytically. The 
results of Wxx qualitatively agree with the analysis by Sen [23] using the energy-momentum 
tensor and are consistent with the picture that the finite range of the branch covers one funda- 
mental domain of the periodic moduli space. While our results do not provide sufficient evidence 
that the branch covers exactly one fundamental domain, we can safely exclude the possibility 
that the branch covers the fundamental domain many times. We can also exclude the opposite 
possibility that the branch covers, say, less than 75% of the fundamental domain. If the branch 
indeed covers exactly one fundamental domain, it would be interesting to understand why it is 
the case. 
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Figure 4: Extrapolation to infinite level of the Pad'e-Borel resummed version of Wxx- The 
black solid line is the infinite-level fit itself, while the shaded regions around it indicate a and 3a 
uncertainty in the extrapolation. The magenta line shows the data at level 12 for comparison. 
The black dash-dotted line is the one-parameter fit of the form cos (27r(A + aX^)). 

6 Discussion 

In this paper we presented a method of constructing a map between the deformation parameter 
Abcft of boundary CFT and the parameter Asft labeling solutions of open string field theory 
for marginal deformations. While we applied our method to the specific problem of covering 
moduli for solutions in Siegel gauge, the basic idea is universal and we can use it for other 
problems. For example, a similar problem for the system of separated D-branes has recently 
been discussed in [301 EI] it would be interesting to compute the gauge-invariant observables 
in the system. 

If we construct the boundary state from numerical solutions following the proposal in [32j , 
we will be able to obtain more information on the boundary CFT. However, construction of 
the boundary state for numerical solutions seems to be challenging. In particular, the closed 
string state proposed in [32] is conjectured to reproduce the boundary state up to a BRST- 
exact term, and such a BRST-exact term would obscure the boundary state especially for 
approximate solutions constructed numerically. 

Our results are qualitatively consistent with the analysis by Sen [23] using the energy- 
momentum tensor. This is not unexpected because both methods are based on coupling to 
an infinitesimal closed string field. However, the closed string is described by an unintegrated 
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vertex operator in the gauge-invariant observables and also in the boundary state construction 
in [32], while the infinitesimal change in the closed string background is related more closely 
to an integrated vertex operator. It would be an interesting problem to convert the uninte- 
grated vertex operator to the integrated vertex operator in the framework of the gauge-invariant 
observables and the boundary state construction [32]. 
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A Tables of numerical results 



In the following figures Etot denotes the energy density computed from the full action and Ekin denotes the 
energy density computed from the kinetic term. 
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Figure 5: Etot for the marginal branch at levels L = 1, ... ,12. For the color legend, see figure fT5l 
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Figure 6: E'fcm for the marginal branch at levels L = 1, ... ,12. 



15 



L/A 





0.05 


0.1 


0.15 


0.2 


0.25 


0.3 


0.325 


1 


1 





99744 





989648 





976257 





956556 





929248 





891855 





867871 


2 


1 





999327 





99716 





993028 





986042 





974681 





956329 





94316 


3 


1 





999329 





997202 





993246 





986732 





976369 





95985 





94805 


4 


1 





99966 





998549 





996363 





99248 





98572 





973796 





964585 


5 


1 





999661 





998565 





996445 





992747 





986396 





975226 





966539 


6 


1 





999773 





999025 





997524 





994784 





989816 





980526 





972937 


7 


1 





999774 





999033 





997567 





994926 





990191 





981362 





974112 


8 


1 





999835 





999286 





998173 





9961 





992236 





984701 





978279 


9 


1 





999835 





999291 





998197 





996186 





99247 





985248 





97907 


10 


1 





999867 





999423 





998518 





996816 





993596 





987151 





981498 


11 


1 





999867 





999426 





998534 





996874 





993756 





987539 





982073 


12 


1 





999891 





999528 





998781 





997362 





994636 





989057 





98404 



L/A 


0.35 


0.375 


0.4 


0.425 


0.45 


0.46 


0.4675 


1 





838716 





801585 





748454 
















2 





926096 





90354 





872612 





826695 





735129 








3 





932795 





912723 





885576 





846949 





784627 





74208 


0.672205 


4 





951971 





934369 





909122 





871148 





807038 





762761 


0.697553 


5 





954519 





937497 





91265 





874683 





81039 





767018 


0.709998 


6 





962023 





945903 





921317 





882148 





813582 





766378 


0.701007 


7 





963589 





947821 





923321 





883583 





813501 





765561 


0.700451 


8 





96866 





953717 





929562 





888897 





815361 





764379 


0.691122 


9 





969747 





955078 





930943 





889626 





814543 





762767 


0.688646 


10 





97277 





958646 





934636 





89228 





814131 





759898 


0.677343 


11 





973583 





959691 





935684 





892684 





813174 





758292 


0.674445 


12 





976086 





96273 





938921 





895071 





813104 





756321 


0.662292 




Figure 7: Wqq for the marginal branch at levels L = 1, ... ,12. 
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Figure 8: Wxx for the marginal branch at levels L = 2, . . . , 12. 
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Figure 9: Pade-Borel improvement of Wxx for the marginal branch at levels L = A, ... ,12. 
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Figure 10: Etot for the vacuum branch at levels L = 1, . . . , 12. 
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Figure 11: Ekin for the vacuum brancli at levels L = 1, . . . , 12. 
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Figure 12: Wqq for the vacuum branch at levels L = 1, . . . , 12. 
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Figure 13: Wxx for the vacuum branch at levels L = 2, . . . , 12. 
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Figure 14: Pade-Borel improvement of Wxx for the vacuum branch at levels L = 4, ... ,12. 
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Figure 15: Colors of different levels in plots 



For completeness we also summarize data found exactly at Xcrit at each given level. 
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